LECTURES ON TROPICAL CURVES AND THEIR MODULI
SPACES
MELODY CHAN

Abstract. These are notes for a series of five lectures on “Moduli and
degenerations of algebraic curves via tropical geometry” for the CIMPACIMAT-ICTP School on Moduli of Curves, February 29-March 4, 2016 in
Guanajuato, Mexico.
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Introduction
These are notes for five lectures on moduli and degenerations of algebraic
curves via tropical geometry. What do I mean by degenerations of algebraic
curves? The basic idea is that one can get information about the behavior of
a smooth curve by studying one-parameter families of smooth curves, which
degenerate in the limit to a singular curve, instead. The singular curve typically has many irreducible components, giving rise to a rich combinatorial
structure. This technique obviously relies on having a robust notion of family
of curves, that is, a moduli space. Thus moduli spaces immediately come to
the fore.
Tropical geometry is a modern degeneration technique. You can think of
it, to begin with, as a very drastic degeneration in which the limiting object
is entirely combinatorial. We will flesh out this picture over the course of
the lectures. It is also a developing field: exactly what tropical geometry
encompasses is a work in progress, developing rapidly.
The powerful idea of using degenerations to study algebraic curves is at
least several decades old and has already been very successful. But recent
developments in tropical geometry make it timely to return to and expand
upon these ideas. The focus of these lectures will be on one beautiful recent
meeting point of algebraic and tropical geometry: the tropical moduli space of
curves, its relationship with the Deligne-Mumford compactification by stable
curves, and its implications for the topology of Mg,n . I will also discuss recent
directions in algebraic and tropical Brill-Noether theory, which is a related and
compelling story, if there’s time. I am not assuming any prior background in
tropical geometry.
1. From the beginning: tropical plane curves
Let’s start from scratch. Centuries ago, the very first objects considered in
algebraic geometry were just plane curves: the zero locus in P2 of a homogeneous equation in three variables. Only later was the perspective of studying
curves abstractly, free from a particular embedding in projective space, developed. We’ll do the same, starting with some plane tropical curves, which are
a special case of embedded tropicalizations.
1.1. Embedded tropicalizations. The natural setting for tropical geometry
is over nonarchimedean fields. Let K be a field, and write K ∗ = K \{0} as
usual.
Definition 1.1. A nonarchimedean valuation on K is a map v : K ∗ → R
satisfying:
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(1) v(ab) = v(a) + v(b), and
(2) v(a + b) ≥ min(v(a), v(b))
for all a, b ∈ K. By convention we may extend v to K by declaring v(0) = ∞.
The ring R of elements with nonnegative valuation is the valuation ring of
K. Note that R is a local ring; write k = R/m for its residue field.
If you are arithmetically minded, you might immediately think of the p-adic
field K = Qp or its algebraic closure Cp . For another example, take your
favorite field, perhaps C, and equip it with the all-zero valuation, also known as
the trivial valuation. This example sounds unimportant, but it is theoretically
important, because it permits a unified theory of tropicalization.
Another good examplePto keep in mind is K = C((t)), the field of Laurent
series, with valuation v( i∈Z ai ti ) = min{i : ai 6= 0}. In this example, K is
discretely valued, in that v(K ∗ ) ∼
= Z. Note
S that the algebraic closure of C((t))
is the field of Puiseux series C{{t}} = n C((t1/n )), whose elements are power
series with bounded-denominator fractional exponents. This field is a favorite
of tropical geometers.
Remark 1.2. Already, you can get a glimpse of why tropical geometry is
performed over nonarchimedean fields. For example, a curve X over K = C((t))
can be regarded as a family of complex curves over an infinitessimal punctured
complex disc Spec K around t = 0. The eventual tropicalization of this curve
will be a metric graph (decorated with a little bit of extra stuff). It records
data about how the special fiber t = 0 must be filled in according to the
properness of Mg .
Exercise 1.3. Suppose K is a nonarchimedean field. If K is algebraically
closed then its residue field k is also algebraically closed.
A valued extension of valued fields is an extension L/K in which the
valuation on L extends the valuation on K.
Definition 1.4. (Embedded tropicalization). Fix a nonarchimedean field K.
Let X be a subvariety of the algebraic torus (Gm )n . So X is defined by an
±
ideal of the Laurent polynomial ring K[x±
1 , . . . , xn ].
n
The tropicalization of X is the subset of R
{(v(x1 ), . . . , v(xn )) : (x1 , . . . , xn ) ∈ X(L) for L/K a valued extension}.
In particular, if K is algebraically closed and nontrivially valued, then Trop(X)
is the closure, in the usual topology on Rn , of the set
{(v(x1 ), . . . , v(xn )) : (x1 , . . . , xn ) ∈ X(K)}
of coordinatewise valuations of K-points of X.
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I am skimping a little bit on notation, and denoting all valuations by v, even
over different fields.
Let’s immediately practice Definition 1.4 in the case of a line.
Example 1.5. (A line in the plane). Let f (x, y) = x + y − 1 and let X =
V (f ) ⊂ G2m . So X is P1 minus 3 points. What is Trop(X)?
Answer: Suppose x and y are such that x + y − 1 = 0. Then it must be that
the minimum of v(x), v(y), and v(1) is attained at least twice,
in order that cancellation may occur. In other words,
Trop(X) ⊆ {(X, Y ) ∈ R2 : the minimum of X, Y , and 0 occurs at least twice}.
You can draw this latter set: it is polyhedral, consisting of three rays from the
origin in the directions of the standard basis vectors e1 , e2 , as well as −e1 − e2 .
The content of the next theorem is that the containment above is actually an
equality.
We state the theorem below in a baby case, the case of curves in the plane.
But it holds verbatim for arbitrary hypersurfaces. See [22, Theorem 3.1.3] for
the full statement and its proof.1
Theorem 1.6. (Kapranov’s Theorem) Let
X
f=
cij xi y j ∈ K[x± , y ± ].
(i,j)∈Z2

Then
Trop(X) = {(X, Y ) ∈ R2 : min 2 v(cij ) + iX + jY occurs at least twice.}
(i,j)∈Z

Remark 1.7. Notice that the expression min (v(cij ) + iX + jY ) is obtained
by f by
• replacing addition by minimum,
• replacing multiplication by +, and
• replacing scalars cij by their valuations.
This explains the slogan you may hear that tropical geometry is the algebraic
geometry of the min-plus semiring (R ∪ {∞}, min, +). This may also help
explain the naming of the field of tropical geometry, which was in honor of the
Brazilian mathematician and computer scientist Imre Simon, a pioneer in the
study of the min-plus semiring.
1The

statement there also gives an equivalent formulation in terms of Gröbner initial
ideals, which is key for computations, and which I won’t talk about at all.
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Remark 1.8. It is not nearly as straightforward to compute tropicalizations
of subvarieties of Gnm that are not hypersurfaces. It can however be done
by A. N. Jensen’s software gfan, using Gröbner methods [19]. See the gfan
manual for details.
Exercise 1.9. What are all possible tropical lines in the plane, i.e., subsets
of R2 of the form Trop(X) where X = V (ax + by + c)?
1.2. A very, very short treatment of Berkovich analytifications. All
of this could be said much more elegantly using the language of Berkovich
spaces [4]. We now assume that K is a complete valued field. This means
that K is complete as a metric space, with respect to its nonarchimedean
valuation.2 Conceptually, the assumption that K is complete is not such a big
deal, because we can always base change from a given field K to its completion
K̂.
Example 1.10. Qp is complete by construction. Any trivially valued field
is of course complete. On the other hand, the Puiseux series C{{t}} are not
complete. What is its completion?
Let X be finite type scheme over K. We shall define the Berkovich analytification X an , a locally ringed topological space associated to X. Actually, my
plan is to entirely ignore the structure sheaf of analytic functions of X an . So
we will just regard X an as a topological space for the duration.
I’ll do things in an unconventional order, starting with a very quick way to
say what the points of X an are. I find this simple description very useful—
especially when X is some kind of moduli space.
Definition 1.11. (Points of the Berkovich space). Let X be a finite type
scheme over a complete nonarchimedean valued field K. The points of the
Berkovich analytification X an are in bijection with maps Spec L → X for all
valued field extensions L/K, modulo identifying Spec L → X with Spec L0 →
Spec L → X, where L0 /L is again a valued field extension.
Does that sound strange? It should be compared with the more familiar
situation of a scheme Y over any field K, with no valuations in sight. Then
you can see for yourself the following way to name the points of Y : points of
Y correspond to maps Spec L → X for all extensions L/K, modulo identiyfing
Spec L → X with Spec L0 → Spec L → K for all further extensions L0 /L.
Next we will define the topology on X an .
2The

valuation v on K defines a norm on K by setting |a| = exp(v(a)).

6

MELODY CHAN

Definition 1.12. (Topology on the Berkovich space, affine case.) We continue
to assume that K is a complete nonarchimedean valued field. Let X = Spec A
be an affine scheme of finite type over K.
We take X an to have the coarsest topology such that for all f ∈ A, the
function
νf : X an −→ R

(1)

p

(Spec L → X) 7−→ v(p# f )
is continuous. Here v denotes the valuation on the valued field L and p# : A →
L is the map of rings coming from p.
Now for an arbitrary finite type scheme X over K that is not necessarily
affine, the topological space X an is obtained by taking an affine open cover of
X, analytifying everything separately, and then gluing.3
Now let’s try Definition 1.4 over again:
Redefinition 1.13. (Embedded tropicalization, again). Let X ⊆ (Gm )n ,
±
given explicitly as X = Spec K[x±
1 , . . . , xn ]/I. The tropicalization of X, denoted Trop(X), is the image of the map X an → Rn that sends, for p : Spec L →
X a point of X an ,
p 7−→ (νx1 (p), . . . , νxn (p)).
The maps νxi were defined in (1), and we fixed X an up precisely so that each
νxi is continuous. Thus Trop(X) is, by Definition 1.12, a continuous image of
X an . This is helpful! For example, Berkovich tells us that X an is connected if
X is connected [4]. Therefore, in this situation, Trop(X) is connected too.
We’ve just hinted at the fact that passing to analytifications can be a helpful
perspective for viewing tropicalizations. But actually, one could just as well
say the reverse. Namely, one of the reasons tropicalizations are useful is they
can provide a faithful “snapshot” of a piece of the much hairier4 and more
complicated space X an . (See [3, 25]).
3Usually,

the points of (Spec A)an are described as multiplicative seminorms || · ||p on A
extending the norm on K, equipped with the coarsest topology such that for every f ∈ A,
the map
X an → R,
|| · ||p 7→ ||f ||p
is continuous. It’s not hard to describe the correspondence between Definitions 1.11 and
this definition. A seminorm || · ||p corresponds to the map
Spec Frac(A/ ker(|| · ||p )) → Spec A.
4Almost

literally.
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2. Abstract algebraic and tropical curves
Next, what is an abstract tropical curve, and how does such a gadget arise
from an algebraic curve over a valued field K? That is the subject of this
lecture. The relationship with the previous lecture is as follows. In the last
section, we concerned ourselves with embedded tropicalizations, i.e. tropicalizations of a subvariety of a torus or toric variety. In this section, we are
fast-forwarding many decades in the parallel story in the history of algebraic
geometry, and treating curves now in the abstract, free from a particular embedding in projective space, say. Also, just as in algebraic geometry, once this
bifurcation between abstract and embedded tropicalization happens, it then
becomes interesting to study the relationship between the two. This is also a
very interesting story, but I probably won’t have time for it.
Before launching into all the definitions, let me give one example in full.
It’s such a tiny example that I can guarantee that it’s not that interesting on
its own. But it will serve as a little laboratory in which we can see all the
definitions in action at once.
Example 2.1. (A preview). Let K = C((t)), with R = C[[t]] its valuation ring.
Let ` be a positive number, and let X/K be the projective plane curve with
equation
(2)

xy = t` z 2 .

So, X is a just a smooth conic over K, but we regard X as defining a germ
of a family, with base parameter t 6= 0, of smooth plane conics in the complex
projective plane. Let’s consider the four marked points
p1 , p2 = (±t` : ±1 : 1)

p3 , p4 = (±1 : ±t` : 1)

on X.
Now, equation (2) also defines a scheme X/R, in which the special fiber
Xk = X ×R k has equation xy = 0 in P2C . That is, the special fiber is a union
of two rational curves meeting at a node. Furthermore, the horizontal closures
pi of the four marked points of X do indeed meet Xk in four regular points,
namely (0 : ±1 : 1) and (±1 : 0 : 1). Note that X will qualify as a stable model
for X, as defined in Definition 2.6.
The abstract tropical curve associated to X will be the vertex-unweighted
metric graph with two vertices and an edge between them of length `, with
marked points 1, 2 on on vertex and 3, 4 on the other.
Now we’ll launch into the definitions of stable curves, their dual graphs, and
abstract tropicalizations.
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2

`

3
4

Figure 1. A picture of the abstract tropicalization of the curve
X/K of Example 2.1. We have drawn marked points as marked
rays attached at vertices.
2.1. Stable curves. Fix k an algebraically closed field. By a curve we shall
mean a reduced, proper, connected scheme X of dimension 1 over k. The
arithmetic genus of the curve is h1 (X, OX ). A node of X is a point p ∈ X(k)
with the property that ÔX,p ∼
= k[[x, y]]/(xy). A nodal curve is a curve whose
only singularities, if any, are nodes.
Definition 2.2. (Stable n-pointed curves). A nodal, n-marked curve of genus
g is (X, p1 , . . . , pn ) where pi ∈ X(k) are distinct nonsingular points of a genus
g nodal curve X.
We say that a nodal, marked curve (X, p1 , . . . , pn ) is stable if Aut(X, p1 , . . . , pn )
is finite, that is, there are only finitely many automorphisms of the curve X
that fix each p1 , . . . , pn pointwise. This is often equivalently stated as follows:
(X, p1 , . . . , pn ) is stable if the restriction of ωX (p1 + · · · + pn ) to every irreducible component of X is a line bundle of positive degree. Here ωX denotes
the dualizing sheaf of X.
Notice that all smooth curves of genus g ≥ 2 already have finitely many
automorphisms. A smooth curve of genus 1 has finitely many automorphisms
once one fixes one marked point; and a smooth curve of genus 0, also known
as a P1 , has finitely many automorphisms once one fixes three marked points.
So we could equally phrase the stability condition as follows:
Observation 2.3. For every irreducible component C of X, let φ : C ν → C
denote the normalization of C. An n-marked nodal curve (X, p1 , . . . , pn ) is
stable if and only if
(1) for every component C of geometric genus 0,
|C ∩ {p1 , . . . , pn }| + |{q ∈ C ν : φ(q) ∈ X sing }| ≥ 3;
(2) for every component C of geometric genus 1,
|C ∩ {p1 , . . . , pn }| + |{q ∈ C ν : φ(q) ∈ X sing }| ≥ 1.
(The second condition sounds misleadingly general. You can trace through
the definition yourself to see that it excludes only one additional case, the case
that the whole of X is just a smooth curve of genus 1 with no marked points.)
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Exercise 2.4. Let g, n ≥ 0. Check that stable n-marked curves of genus g
exist if and only if 2g − 2 + n > 0.

2.2. Stable models. Let K be an algebraically closed field that is complete
with respect to a nonarchimedean valuation. Good examples include the completion of the field of Puiseux series C{{t}} or the completion Cp of the field
Qp .5
As before, let R denote the valuation ring of K and let k = R/m be the
residue field. Recall that Spec R has two points η and s, corresponding to the
ideals (0) and m respectively. If X is a scheme over Spec R, then the generic
fiber of X is the fiber over η; the special fiber is the fiber over s.
Definition 2.5. (Models) If X is any finite type scheme over K, then by a
model for X we mean a flat and finite type scheme X over R whose generic
fiber is isomorphic to X.
Now let’s define stable models. First, let me forget about marked points,
and just suppose that X is a smooth curve over K.
Definition 2.6. (Stable models). Suppose X is a smooth, proper, geometrically connected curve over K of genus g ≥ 2. A stable model for X is a proper
model X/R whose special fiber Xk = X ×R k is a stable curve over k.
Definition 2.7. (Stable models, allowing marked points). Now say 2g−2+n >
0 and suppose (X, p1 , . . . , pn ) is a smooth, n-marked, genus g curve. Then a
stable model for X is a proper model X/R with n sections p1 , . . . , pn : Spec R →
X restricting to the marked points pi on the general fiber, making the special
fiber a stable n-marked curve of genus g over k.
Let 2g − 2 + n > 0. When does an n-marked genus g curve X/K admit
a stable model? The answer is: always. This is the content of the Stable
Reduction Theorem of Deligne-Mumford-Knudsen. More precisely, the version
we are using here, for fields whose valuations are not necessarily discrete, goes
5By

the way, you might complain that some of this theory can be developed with weaker
hypotheses on the field K. That is true. For example, the stable reduction theorem holds for
arbitrary complete nonarchimedean fields, up to passing to a finite, separable field extension.
I am taking this approach partly for expository ease, especially for one’s first exposure to
this material. It’s kind of like learning algebraic geometry over C first. My other defense
is that in the tropical context it is often not a big deal to pass to a possibly huge field
extension, at least in theory. See Definition 1.11, for example.
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back to [5]; see also [3, 27, 28].6 You can also see Harris and Morrison’s
book [18, §3.C] for a relatively explicit, algorithmic explanation of the Stable
Reduction Theorem, at least in characteristic 0.
2.3. Dual graphs of stable curves. We are working towards the goal of
associating a graph, with some vertex decorations and some edge lengths, to
a curve X/K. The graph we are going to associate to X is the dual graph of
the special fiber of a stable model for X. Basically, the dual graph of a stable
curve Y is a combinatorial gadget that records:
• how many irreducible components Y has, and what their geometric
genera are;
• how the irreducible components of Y intersect; and
• the way in which the n marked points are distributed on Y .
Now we will explain this completely, starting with the graph theory.
Conventions on graphs. All graphs will be finite and connected, with
loops and parallel edges allowed. (Graph theorists would call such objects
finite, connected multigraphs.) Remember that a graph G consists of a set of
vertices V (G) and a set of edges E(G). Each edge is regarded as having two
endpoints which are each identified with vertices of G, possibly the same.
Definition 2.8. (Vertex-weighted marked graphs). A vertex-weighted, nmarked graph is a triple (G, m, w) where:
• G is a graph;
• w : V (G) → Z≥0 is any function, called a weight function, and
• m : {1, . . . , n} → V (G) is any function, called an n-marking.7
The genus of (G, m, w) is
X
g(G) +
w(v)
v∈V (G)

where
g(G) = |E| − |V | + 1
is the first Betti number of G, considered as a 1-dimensional CW complex,
say.
6Again,

the typical formulation of the stable reduction theorem says that if X/K is a
smooth curve, then there exists a finite separable field extension K 0 /K such that X ×K K 0
admits a stable model. Here, we’ve folded the need to pass to a finite field extension into
the pretty drastic assumption that K itself is algebraically closed.
7A more common setup for marking a tropical curve is to attach infinite rays to a graph,
labeled {1, . . . , n}. Our marking function m is obviously combinatorially equivalent.
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Figure 2. The seven genus 2 stable vertex-weighted graphs
with no marked points. The vertices have weight zero unless
otherwise indicated.

Definition 2.9. (Stability for vertex-weighted marked graphs). With (G, m, w)
as above, we’ll say that (G, m, w) is stable if for every v ∈ V (G),
2w(v) − 2 + val(v) + |m−1 (v)| > 0.
Here val(v) denotes the graph-theoretic valence of the vertex v, which is defined
as the number of half-edges incident to it.
Figure 2 shows the seven distinct stable vertex-weighted graphs of type
(g, n) = (2, 0).
Exercise 2.10. Find the five stable, 2-marked weighted graphs of genus 1.
Definition 2.11. (Dual graph of a stable curve). Let k be an algebraically
closed field, and let (Y, p1 , . . . , pn ) be a stable, n-marked curve over k.
The dual graph of (Y, p1 , . . . , pn ) is the vertex-weighted, marked graph (G, m, w)
obtained as follows.
• The vertices vi of G are in correspondence with irreducible components Ci of Y , with weights w recording the geometric genera of the
components.
• For every node p of Y , say lying on components Ci and Cj , there is an
edge ep between vi and vj .
• The marking function m : {1, . . . , n} → V (G) sends j to the vertex of
G corresponding to the component of Y supporting pj .
Note that by Observation 2.3, (G, m, w) is stable since (Y, pi ) is stable.
2.4. Abstract tropical curves. A metric graph is a pair (G, l), where G is
a graph, and l is a function l : E(G) → R>0 on the edges of G. We imagine l
as recording real lengths on the edges of G.
An abstract tropical curve is just a vertex-weighted, marked metric graph:
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Definition 2.12. [6, 7, 23] (Stable abstract tropical curve) An abstract tropical curve with n marked points is a quadruple Γ = (G, l, m, w) where:
• G is a graph,
• l : E(G) → R>0 is any function, called a length function, on the edges,
• m : {1, . . . , n} → V (G) is any function, called a marking function, and
• w : V (G) → Z≥0 is any function.
The combinatorial type of Γ is the triple (G, m, w), in other words, all of
the data of Γ except for the edge lengths. We say that Γ is stable if its
combinatorial type is stable. The volume of Γ is the sum of its edge lengths.
From now on, I will mean “stable abstract tropical curve” when I say “abstract tropical curve,” even if I forget to say so.
Hints of a tropical moduli space. Informally, we view a weight of w(v)
at a vertex v as w(v) loops, based at v, of infinitesimally small length. Each
infinitesimal loop contributes 1 to the genus of C. Permitting vertex weights
will ensure that the moduli space of tropical curves, once it is constructed, is
complete. That is, a sequence of genus g tropical curves obtained by sending
the length of a loop to zero will still converge to a genus g curve.
Of course, the real reason to permit vertex weights is so that the combinatorial types of genus g tropical curves correspond precisely to dual graphs of
stable curves in Mg,n , and that the eventual moduli space will indeed be the
boundary complex of Mg,n ⊂ Mg,n .
2.5. From algebraic to tropical curves: abstract tropicalization. Now
let’s put everything together. We continue to let K be an algebraically closed
field, complete with respect to a nonarchimedean valuation. Let 2g −2+n > 0.
Suppose (X, p1 , . . . , pn ) is a smooth, proper, n-marked curve over K of genus
g. Let us extract a tropical curve from the data of (X, pi ).
The procedure will go like this. First we will extend X to a family X over
Spec R along with n sections Spec R → X, filling in a stable, n-marked curve
of genus g over k in the special fiber. The fact that this is possible is the Stable
Reduction Theorem.
Then we will associate to X the vertex-weighted dual graph of the special fiber
Xk . It only remains to equip the edges of the dual graph with real lengths.
We do this as follows: for every node q of Xk , say lying on components Ci and
Cj , the completion of the local ring OX,q is isomorphic to R[[x, y]]/(xy − α) for
some α ∈ m, and v(α) > 0 is independent of all choices. Then we put an edge
eq between vi and vj of length v(α). The result is a stable vertex-weighed,
marked metric graph. See again Example 2.1. Summarizing:
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Definition 2.13. (Abstract tropicalization) Let K be an algebraically closed
field, complete with respect to a nonarchimedean valuation. Suppose (X, p1 , . . . , pn )
is a smooth, proper, n-marked curve over K of genus g. The abstract tropicalization of (X, pi ) is the dual graph of the special fiber of a stable model
(X, pi ) for (X, pi ), declaring an edge corresponding to a node q to have length
v(α) if the local equation of q in X is xy − α.
Remark 2.14. We can now take Definition 2.13 and extend it quite painlessly,
to tropicalize stable curves, not just smooth ones. In this situation, the local
equation of a node in the special fiber may be of the form xy = 0; in other
words, the node may have simply persisted from the general fiber. Thus the
natural result of tropicalization is a stable extended tropical curve: just like a
tropical curve, but with edge lengths taking values in R>0 ∪ {∞}.
Remark 2.15. Another way to say this whole story is that abstract tropicalization sends X/K to its Berkovich skeleton: the minimal skeleton of X an , with
respect to the n marked points p1 , . . . , pn , equipped with the skeleton metric.
See [3, §5]. (Actually, the Berkovich skeleton has n infinite rays attached to
the vertices, for the n marked points). There is a lot to be said here, but the
main point at the moment is that the interpretation of the abstract tropicalization of X as its Berkovich skeleton shows that it’s canonically associated
with X: the construction was is in fact independent of all choices.

3. Definition of the moduli space of tropical curves
It is time to construct the moduli space of tropical curves. This construction is due to Brannetti-Melo-Viviani [6], building on work of Caporaso and
Mikhalkin. Fix g and n with 2g − 2 + n > 0. Suppose we fix a single combinatorial type (G, m, w) of type (g, n), and allow the edge lengths l to vary over
all positive real numbers. Then we clearly obtain all tropical curves of that
type. This motivates our construction of the moduli space of tropical curves
below. We will first group together curves of the same combinatorial type,
obtaining one cell for each combinatorial type. Then, we will glue our cells
appropriately to obtain the moduli space.
To make this construction, for the moment we will just follow our noses
combinatorially. But the whole point of the next lectures will be that the
space we get out the other side is a good one algebro-geometrically: it can be
identified with the boundary complex of the Deligne-Mumford compactification
Mg,n ⊃ Mg,n .
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Let’s begin. First, fix a combinatorial type (G, m, w) of genus g. What is a
parameter space for all tropical curves of this type? Our first guess might be a
|E(G)|
positive orthant R>0 , that is, a choice of positive length for each edge of G.
But we have overcounted by symmetries of the combinatorial type (G, m, w).
For example, in the “figure 8” depicted leftmost in Figure 2, the edge lengths
(2, 5) and (5, 2) give the same tropical curve.
Furthermore, with foresight, we will allow lengths of zero on our edges as
well, with the understanding that a curve with some zero-length edges will
soon be identified with the curve obtained by contracting those edges. This
suggests the following definition:
Definition 3.1. Given a combinatorial type (G, m, w), let the automorphism group Aut(G, m, w) be the set of all permutations ϕ : E(G) → E(G)
that arise from automorphisms of G that preserve m and w. The group
Aut(G, m, w) obviously acts naturally on the set E(G), and hence on the
E(G)
orthant R≥0 , with the latter action given by permuting coordinates. We
define C(G, m, w) to be the quotient space
E(G)

C(G, m, w) = R≥0 /Aut(G, m, w).
Next, we define an equivalence relation on the points in the union
a
C(G, m, w),
as (G, m, w) ranges over all combinatorial types of type (g, n). Regard a point
x ∈ C(G, m, w) as an assignment of lengths to the edges of G. Now, given
two points x ∈ C(G, m, w) and x0 ∈ C(G0 , m0 , w0 ), identify x and x0 if one of
them is obtained from the other by contracting all edges of length zero. Note
that contracting a loop, say at vertex v, means deleting that loop and adding
1 to the weight of v. Contracting a nonloop edge, say with endpoints v1 and
v2 , means deleting that edge and identifying v1 and v2 to obtain a new vertex
whose weight is w(v1 ) + w(v2 ).
Let ∼ denote the equivalence relation generated by the identification we
have just defined. Now we glue the cells C(G, m, w) along ∼ to obtain our
moduli space:
trop
Definition 3.2. The moduli space Mg,n
is the topological space
a
trop
Mg,n
:=
C(G, m, w)/ ∼,

where the disjoint union ranges over all combinatorial types of genus (g, n),
and ∼ is the equivalence relation defined above.
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1
1

2
2

trop
Figure 3. A picture of the tropical moduli space M1,2
. Only
the two top-dimensional strata are labeled. We have drawn
marked points as marked rays attached at vertices.
trop
A picture of M1,2
is shown in Figure 3. The picture is not entirely accurate,
in that there is a 2-dimensional cone with a nontrivial symmetry which is drawn
with a dotted line through it, which is supposed to remind us of the self-gluing
of this cone induced by the symmetry.
trop
Exercise 3.3. Label the other cones of M1,2
according to Exercise 2.10.

trop
is (3g − 3 + n)-dimensional, i.e., that the
Exercise 3.4. Verify that Mg,n
maximum Euclidean dimension of the cones C(G, m, w) is 3g − 3 + n.
trop
, being built out of cones, is contractible: e.g., it retracts onto
Of course Mg,n
its cone point, corresponding to the tropical curve, denoted •g,n , consisting of
a single vertex with weight g, n marked points, and no edges. But the link of
trop
trop
, is topologically very interesting and
, meaning a cross-section of Mg,n
Mg,n
is a main character of these lectures.
trop
Definition 3.5. (Link of tropical moduli space) The link ∆g,n of Mg,n
at
trop
the tropical curve •g,n is the quotient of Mg,n \ {•g,n } induced by uniform
trop
scaling of edge lengths. It can also be identified with the subspace of Mg,n
parametrizing tropical curves of volume 1.

4. Boundary complexes of toroidal embeddings
We are working towards the fundamental statement that the link of the
tropical moduli space of curves is the boundary complex of the stable curves
compactification of Mg,n . This is one of the main results of [1]. It is this
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identification that allows us to re-examine the boundary complex of Mg,n as a
worthy combinatorial moduli space in its own right, and to obtain new results
about the topology of Mg,n using tropical geometry techniques. I will describe
some of those applications in the last lecture. Right now, we will answer the
question: what is a toroidal embedding, and what is its boundary complex?
4.1. Etale morphisms. Let’s recall the definition of an étale morphism of
schemes, which provides a more flexible notion of neighborhoods than do
Zariski open neighborhoods. Let f : X → Y be a morphism of schemes of
finite type over a field k. Then f is called unramified if for all x ∈ X, letting
y = f (x), we have that my OX,x = mx , and furthermore k(y) is a separable
field extension of k(x). Then f is étale if it is both flat and unramified.
Étale morphisms are, roughly, the algebro-geometric local analogue of finite
covering spaces. For example:
Example 4.1. Let k = C. Then the map A1 → A1 sending z 7→ z n is étale
away from z = 0.
4.2. Toroidal embeddings. The theory of toroidal embeddings is due to
Kempf-Knudsen-Mumford-Saint-Donat [21]. Let k be an algebraically closed
field. Let U be an open subvariety of a normal variety X over k. We say that
U ⊂ X is a toroidal embedding if it is locally modelled by toric varieties. More
precisely, it is a toroidal embedding if for every x ∈ X,
bX,x ∼
bYσ ,y
O
=O
where y ∈ Yσ is a point in an affine toric variety Yσ with torus T , and furthermore, the ideals of X \ U and Yσ \ T correspond in the respective local
rings.
We’ll write D1 , . . . , Dr for the irreducible components of X − U . There are
two cases, one of which makes the theory more intricate: we say that a toroidal
embedding has self-intersections if the components Di are not all normal.
It is actually not a problem if you aren’t familiar with toric varieties, because
the most relevant example for our purposes is one you definitely know: the
usual embedding of the torus Gnm into An . Note that the complement An \ Gnm
is the union of n coordinate hyperplanes, intersecting transversely.
Indeed, toroidal embeddings whose local toric charts are all affine spaces are
called normal crossings divisors, and this is the case we’ll be most interested
in.
Definition 4.2. (Normal crossings and simple normal crossings) Let X be a
normal variety, and D a divisor. We say D is a normal crossings divisor if for
bX,x ∼
bX,x is
every x ∈ X, we have O
= k[[x1 , . . . , xn ]] and the equation of D in O
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x1 · · · xi for some i. Equivalently, U = X − D ⊂ X is a toroidal embedding
locally modelled by affine spaces.
We say D is simple normal crossings if in addition D has no self-intersections.
Example 4.3. The nodal cubic V (y 2 = x2 + x3 ) in A2 is a normal crossings
divisor, but not a simple normal crossings divisor.

4.3. Boundary complexes of toroidal embeddings. The theory of boundary complexes for toroidal embeddings without self-intersection is due again
to [21].
Definition 4.4. (Boundary complex of a toroidal embedding, no self-intersections).
Suppose we have a toroidal embedding U ⊂ X without self-intersections. Let
D1 , . . . , Dr be the irreducible components of ∂X = X −U . The boundary complex ∆(∂X) is the ∆-complex on vertices D1 , . . . , Dr with a d-face for every
irreducible component of an intersection Di1 ∩ · · · ∩ Did+1 .
Example 4.5. The boundary complex ∆(Gnm ⊂ An ) is the simplex ∆n−1 .
Next, Thuillier recently extended the theory of boundary complexes in a
way that is important for our applications, dropping the assumption that the
Di are normal [26].
Definition 4.6. (Boundary complex of toroidal embedding, self-intersections).
Now let U ⊂ X be a toroidal embedding, possibly with self-intersections. Let
V → X be an étale surjective morphism to X, such that UV = U ×X V ⊂ V
is toroidal with no self-intersections, and let V2 = V ×X V , with U2 = UV ×X
UV . The boundary complex of U ⊂ X is the coequalizer, in the category of
topological spaces, of the diagram
∆(V2 ) ⇒ ∆(V ).8
Example 4.7. Let k = C. Consider, as in [1, Example 6.1.7], the Whitney
umbrella
D = {x2 y = z 2 } ⊂ X = A3 \ {y = 0}.
8Thuillier

actually shows that this construction is independent of all choices, because in
fact it is intrinsic to the Berkovich analytification of X. See [26] for the precise description.
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We will explain why ∆(D ⊂ X) is a “half-segment,” meaning the quotient of
a line segment by a Z/2Z reflection.9
Let V ∼
= A2 × Gm → X be the degree 2 étale cover given by a base change
2
y = u . Then
D0 = D ×X V = {x2 u2 − z 2 = 0}
is simple normal crossings, and D1 = D0 ×X D0 ∼
= D0 × Z/2Z, since D0 is
degree 2 over D. Explicitly, one component of D1 parametrizes pairs (p, p) of
points in D0 , and the other parametrizes pairs (p, q) with p 6= q lying over the
same point of D.
That means that ∆(D0 ) is a segment and ∆(D1 ) is two segments, and the
two maps ∆(D1 ) ⇒ ∆(D0 ) differ by one flip. So the coequalizer is ∆1 modulo
a flip.
What is going on complex-analytically? Let Y = {(0, y, 0) : y 6= 0} be the
umbrella pole. It is a punctured affine line A1 − {0} over C, to be visualized
complex-analytically as a punctured plane. The points (0, u, 0) and (0, −u, 0)
in D0 correspond to the two analytic branches of D along Y at the point
(0, y, 0), where y = u2 . The equations of the branches are z = xu and z = −xu.
So taking y around a loop around the puncture precisely interchanges the
branches.
Exercise 4.8. Compute the boundary complex of the complement of the nodal
cubic V (y 2 = x2 + x3 ) in A2 − {x = −1}.

5. Toroidal Deligne Mumford stacks
Boundary complexes can be defined for toroidal Deligne Mumford stacks
as well by following Thuillier’s contrsuction [1]. The punchline will be that
toroidal Deligne Mumford stacks admit étale covers by toroidal schemes, and
so Definition 4.6 can be repeated with respect to toroidal étale covers with no
changes. Here we’ll give a quick-start guide to toroidal DM stacks. We will
have to skip many details in order to get anywhere in the allotted time. But
I’ll try to indicate exactly what I’m skipping.

9Of

course, a line segment modulo a reflection is, topologically, just another segment.
There is a more abstract definition of a boundary complex in which the half-segment and
segment are nonisomorphic, and only their geometric realizations as topological spaces are
homeomorphic. See [10, §3].
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5.1. Categories fibered in groupoids. Let us fix an algebraically closed
field k, without the structure of a valuation. Let Schk denote the category of
schemes over k. Let me recall the following “negative result”: it’s impossible
to define a scheme that deserves to be called a fine moduli space for genus g,
n-marked curves. By a fine moduli space I mean a space Mg,n such that maps
S to Mg,n correspond, functorially, to families of genus g, n-marked curves
over S. The obstruction is that some curves have nontrivial automorphisms.
Nevertheless, we can start by axiomatizing the desired property of a fine
moduli space into a category whose objects are families of genus g, n-marked
smooth, respectively stable, curves. More precisely:
Definition 5.1. (The category Mg,n ). We denote by Mg,n the category whose
objects are flat, proper morphisms f : X → B of k-schemes, together with
n sections p1 , . . . , pn : B → X, such that the geometric fibers, with their n
marked points induced by the pi , are smooth curves of type (g, n). The morphisms in Mg,n are Cartesian diagrams
/

X0


B0

/

X


B.

Definition 5.2. (The category Mg,n ). The definition of Mg,n is the same as
above, but with families of stable curves instead.
These two categories come equipped with obvious functors to Schk : take
a family of curves X → B, and remember only its base B. In fact, both
Mg,n and Mg,n , along with their functors to Schk , are examples of categories
fibered in groupoids, or CFGs for short. I won’t state the condition that a
category is fibered in groupoids over Schk , but I will state that in our case it is
the condition that pullbacks of families of curves exist and are unique up to
unique isomorphism.
Here is another CFG, verifying that CFGs encompass k-schemes:
Definition 5.3. (The category S). Let S be any k-scheme. The objects of
the category S are morphisms X → S of k-schemes. The morphisms in S are
commuting triangles X 0 → X → S. The functor S → Schk sends (X → S) to
X.
In this case, the fact that S is a CFG boils down to the fact that the composition of two morphisms X 0 → X → S exists and is unique—which is obvious.
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A morphism of CFGs C and D is just what you think: it is a functor F : C →
D making a commuting triangle with the functors C → Schk and D → Schk .
Using the Yoneda correspondence, you can check (and make more precise):
Exercise 5.4. To give a morphism S → Mg,n is precisely to give a family of
genus g, n-marked curves over S.

5.2. Fast forward: Deligne-Mumford stacks, and toroidal embeddings. Now let’s chat a little about Deligne-Mumford stacks. Not all categories fibered in groupoids are schemes. (In other words, not all CFGs are of
the form S for some k-scheme S.) Stacks, and, even more restrictively, DeligneMumford stacks, are CFGs satisfying some extra conditions that make them
behave a little more geometrically, even if they aren’t exactly schemes.
One of these requirements is the following, which we state as a fact about
Deligne-Mumford stacks:
Fact 5.5. If M is a Deligne-Mumford stack, then there is an étale, surjective
morphism from a scheme U to M.10
A very rough rephrasing is that locally, everywhere in a Deligne-Mumford
stack there is a “scheme covering space.”
Given Fact 5.5, we can define toroidal Deligne-Mumford stacks by looking
on étale atlases, and define their boundary complexes in exactly the same
way as in Definition 4.6. We continue to let k be an algebraically closed field
without valuation. All our stacks are separated and connected over k.
Definition 5.6. (Toroidal Deligne-Mumford stacks). An open substack U ⊂
X of a Deligne Mumford stack X is a toroidal if for every étale morphism
V → X from a scheme, the induced map of schemes UV := U ×X V → V is a
toroidal embedding (of schemes).
Definition 5.7. (Boundary complexes of toroidal Deligne-Mumford stacks).
This is a reprise of Definition 4.6. Let U ⊂ X be a toroidal Deligne Mumford
stack. Let V → X be an étale cover by a scheme such that UV → V is a
10What

do I even mean by saying that the morphism U → M has a property like, say,
étale? The other condition for a stack M to be Deligne-Mumford is a representability
condition: it says that for any morphisms f : S → M and g : T → M from a scheme, the
fiber product S ×M T (which I will not define) is again a scheme. Then for any property P
of morphisms that is preserved by base change, we say that f has P if S ×M T → T is a
map of schemes with property P .
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toroidal embedding of schemes without self-intersections. Then the boundary
complex of X is the coequalizer, in the category of topological spaces, of
∆(V ×X V ) ⇒ ∆(V ).
That’s it. Abramovich-Caporaso-Payne show that Thuillier’s work can be
extended to the setting of DM stacks. (In particular, the boundary complex
of U ⊂ X can be found intrinsically inside the Berkovich analytification of the
coarse moduli space of X .)

6. Compactification of Mg,n by stable curves
We continue to let k be an algebraically closed field, with no valuation.
At this point, I want to recall some of the essential facts about the DelingeMumford stacks Mg,n and Mg,n .
Fact 6.1. The moduli stack Mg,n of smooth genus g, n-marked curves over k,
defined in Definition 5.2, is a smooth, proper Deligne-Mumford stack containing Mg,n an open substack. The inclusion Mg,n ⊂ Mg,n is toroidal, indeed
normal crossings (though far from simple normal crossings).
6.1. The boundary strata MG of Mg,n . Moreover, the strata of the boundary Mg,n \ Mg,n are naturally indexed by genus g, n-marked combinatorial
types G = (G, m, w), according to the dual graphs of the stable curves that
they parametrize. I would now like to describe these strata, which we’ll denote
MG . This description follows [1, §3.4] and the correctness of this description
is proved in [2, §12.10].
Fix a combinatorial type G = (G, m, w). For each vertex v, let nv =
val(v) + |m−1 (v)| where val(v) is the valence of v. Let
Y
gG =
M
Mw(v),nv .
v∈V (G)

gG can be identified with the moduli space of n-marked
If you think about it, M
genus g stable curves, together with a chosen isomorphism of the dual graph
with G. To get rid of that choice of isomorphism, we take the stack quotient
gG / Aut(G)]. The theorem is then that there is a canonical isomorphism
[M
gG / Aut(G)].
MG ∼
= [M
An explicit example is given in Example 6.2 below.
(It is worth noting that this stratification is inclusion-reversing with respect
trop
to the corresponding stratification of Mg,n
by combinatorial type. The more
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edges there are in G, the smaller the stratum MG is, and the larger C(G) is
in the tropical moduli space.)
Now, given a point p ∈ MG corresponding to a stable curve C, we may
describe an étale neighborhood Vp of p in Mg,n in which the boundary can
be identified with the n coordinate hyperplanes inside An . The boundary of
Mg,n in this neighborhood Vp is a union of irreducible divisors D with simple
normal crossings; each Di corresponds to an edge of G and parametrizes local
smoothings of the corresponding node. So the boundary complex of Vp is just
a simplex ∆E(G)−1 .
But there is in fact monodromy manifested in the coequalizer
∆(Vp × Vp ) ⇒ ∆(Vp ),
and it turns out that this monodromy identifies the coequalizer of the diagram
above with
∆E(G)−1 /Aut(G),
where Aut(G) acts by permutation on E(G). So there is concordance on the
trop
level of strata with Mg,n
!
6.2. An example. Let’s see everything at work in the following specific example of a stratum in M1,3 .
Example 6.2. Let G be the combinatorial type below.
1
3
2

Consider the boundary stratum MG of M1,3 . Locally, it is a self-intersection of
the boundary component whose dual graph is obtained from G by contracting
either edge.
Let’s describe MG . I’ll assume char k 6= 2 in this example. According to
gG = M0,4 . Essentially, to give a stable curve
the discussion above we have M
C with dual graph G along with a fixed identification of the two nodes of C
with the two edges of G, we choose (up to projective equivalence) four distinct
points p1 , p2 , q1 , q2 on a P1 , with the understanding that p1 will be marked
1, p2 marked 2, and q1 and q2 will be the two points of attachment of the
other rational curve. Of course M0,4 is an honest variety: for example, fixing
p1 = 0, p2 = 1, and q1 = ∞ identifies M0,4 with A1 − {0, 1}.
Now MG is then the stack quotient M0,4 /(Z/2Z), where the action is the
one that exchanges q1 and q2 . You can work out that with the identification
gG = A1 − {0, 1} above, the action sends a to 1 − a. Thus the quotient
M
MG is a once-punctured plane with a Z/2Z stacky point, corresponding to
the fixed point (0, 1, ∞, 1/2) of M0,4 under Z/2Z. It is the stacky point that
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produces monodromy: walking around it interchanges the analytic branches of
the boundary divisor that meet along it. This example is just like Example 4.7,
except that the punctured plane in that example now has its puncture filled
in with a Z/2Z stacky point, and it has another (inconsequential) puncture
elsewhere.
The result is that for a point p in MG , the neighborhood Vp has boundary
complex a segment modulo a flip, just as in Example 4.7. And this is indeed a
trop
slice of the cell C(G) corresponding to G in the tropical moduli space M1,3
.
I omitted many details here, but this can all be patched together to show:
trop
Theorem 6.3. [1] There is a canonical identification of the link ∆g,n of Mg,n
with the boundary complex of the toroidal embedding Mg,n ⊂ Mg,n .

6.3. Applications to the topology of Mg,n . What good is all of that? Here
is one application to the cohomology of Mg,n .
Suppose U is a smooth variety over k, or even a smooth Deligne-Mumford
stack. Let X be a normal crossings compactification of U . It is a fact that
the homotopy type of the boundary complex ∆(U ⊂ X) is independent of the
choice of compactification X; that is, any other normal crossings compactification produces a homotopy equivalent complex [12]. This means that all
topological invariants of ∆(U ⊂ X) are actually invariants of U itself. One
very interesting such invariant is the rational homology of ∆(U ). The reason
that it is particularly interesting is as follows.
Set k = C. Then there is a weight filtration, due to Deligne, on the cohomology of U
W0 H k (U, Q) ⊂ · · · ⊂ W2k H k (U, Q) = H k (U, Q).
j
j
j
Let’s write GrW
k H for the quotient Wk H /Wk−1 H . Letting d = dim X, I’ll
∗
refer to GrW
2d H as the top-weight cohomology, since cohomology never appears
in weights above 2d. The point is that there is a canonical identification

(3)

2d−i
e i−1 (∆(U ), Q) ∼
H
(U, Q)
= GrW
2d H

of reduced, rational homology of the boundary complex, up to shifting degrees,
with the top-weight rational cohomology of U . These facts all follow from
Deligne’s work on mixed Hodge structures [13] in the case of varieties. In the
case of stacks, they can be proved using Deligne’s original arguments as in [10,
Appendix]. In short: the top-weight slice of cohomology is combinatorially
encoded in the boundary complex of any normal crossings compactification.
The identification (3), along with Theorem 6.3, allows us to study the rational cohomology of Mg,n appearing in top weight exactly by studying the
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trop
. This is a useful shift in perspective, bereduced rational homology of Mg,n
cause it allows arguments from tropical geometry and metric graph theory
to be employed to study these complexes. Along these lines, S. Galatius,
S. Payne, and I have shown some general results on ∆(Mg,n ), including a
lower bound on the connectivity of those spaces.11 When g = 1, our results
allow us to describe the whole situation pretty thoroughly:

Theorem 6.4. [10]
(1) ∆(M1,n ) is homotopy equivalent to a wedge of (n−1)!/2 top-dimensional
spheres, for n ≥ 3. (It is contractible when n = 1 and 2.) Therefore:
(2) For each n ≥ 1, the top weight cohomology of M1,n is
 (n−1)!/2
Q
for n ≥ 3 and i = n,
W
i
Gr2n H (M1,n , Q) ∼
=
0
otherwise.
n
Moreover, for each n ≥ 3, the representation of Sn on GrW
2n H (M1,n , Q)
induced by permuting marked points can be described explicitly, as in
[10].
(3) When n ≥ 3, a dual basis for GrW
2n (M1,n , Q) is given by the torus
classes associated to the (n − 1)!/2 terminal curves whose dual graph
is a loop of n once-marked P1 s.

I should remark that when n ≥ 5, Theorem 6.4(2) should also follow from an
earlier calculation by E. Getzler [15], as we explain in [10]. There is also a
companion paper for the case g = 2 [9], in which I again use tropical techniques to show vanishing of integral homology of ∆(M2,n ) outside the top two
degrees, and compute the top-weight Euler characteristic of M2,n for every
n. Furthermore, using tropical geometry and using a computer one can fully
compute the top-weight Q-cohomology of M2,n , for n not too large for one’s
computer. I reproduce these computations from [9] for your curiosity: the
cohomology is concentrated in degrees n + 3 and n + 4 with ranks given in the
table below.
n

dim GrW
2d
dim GrW
2d

0 1 2 3 4 5 6
7
8
H (M2,n , Q) 0 0 1 0 3 15 86 575 4426
H n+4 (M2,n , Q) 0 0 0 0 1 5 26 155 1066
n+3
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